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Systemic risk: the risk of collapse of an entire
financial system or entire market

(Cue dramatic music)
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Contagion and finance

As the news keep reminding us, complete financial collapse is
a bad thing.

For one, it makes it harder to get funding.

⇒ Hence it has received lots of attention, especially since 2007.
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Many different approaches:

financial contagion on networks via direct exposure (e.g. Gai
& Kapadia 2010), where banks live on a graph and take losses
when their neighbours default

liquidity shocks where banks can sell assets, but have to
compromise between speed and price of sale

correlated risk-taking behaviour, etc...
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Approach

[b]

We represent firms in the economy as nodes on a graph and
study contagion dynamics

many different models of contagion: node percolation,
avalanche (Watts, Centola-Macy), SI, SIR...

No matter the modelling approach, one crucial question: how
do the different parameters affect the probability of rare,
dramatic events?
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The good news is, new methods from complex system physics have
a lot to say about this

Large deviations of cascade processes on graphs

F. Altarelli,1, 2 A. Braunstein,1, 3, 2 L. Dall’Asta,1, 2 and R. Zecchina1, 3, 2

1Department of Applied Science and Technology, Politecnico di Torino,
Corso Duca degli Abruzzi 24, 10129 Torino, Italy

2Collegio Carlo Alberto, Via Real Collegio 30, 10024 Moncalieri, Italy
3Human Genetics Foundation, Via Nizza 52, 10126 Torino, Italy

Simple models of irreversible dynamical processes such as Bootstrap Percolation have been suc-
cessfully applied to describe cascade processes in a large variety of different contexts. However, the
problem of analyzing non-typical trajectories, which can be crucial for the understanding of the
out-of-equilibrium phenomena, is still considered to be intractable in most cases. Here we introduce
an efficient method to find and analyze optimized trajectories of cascade processes. We show that
for a wide class of irreversible dynamical rules, this problem can be solved efficiently on large–scale
systems.

I. INTRODUCTION

Large-scale cascading processes observed in physical and biological systems can be described and understood by
means of stylized models of propagation on lattices or graphs. Over the last forty years, these models have found
application to problems arising in a number of different contexts, ranging from competing interactions in dilute
magnetic systems [1, 2], jamming transitions in glass formers and granular media [3], epidemic spreading [4], activation
cascades in cortical [5] and other biological networks [6] to the spread of information and innovations in social models
[7–11] and propagation of liquidity shocks in financial interbank lending networks [12, 13]. In all these problems the
basic units composing the systems are discrete and undergo irreversible transitions from an “inactive” state to an
“active” one depending on the state of their neighbors. Following recent works in the computer science community
[14], we refer to this class of dynamical processes as models of progressive dynamics.

Theoretical works across several disciplines have focused mostly on the mechanisms responsible for the emergence
of some collective behavior, explaining under which conditions, on the dynamical rule and the graph/lattice structure,
large-scale propagations can be observed as an outcome of typical realizations of the process, i.e. when starting from
random initial conditions. Because of the intrinsic non-linearity of the dynamics, a critical (or tipping) point usually
separates a region of parameters in which the dynamics typically occurs only locally from a region of large-scale
propagations. This is exactly what occurs in celebrated models of statistical physics, such as bootstrap and k-core
percolation [1, 15–17] and zero-temperature Ising-like models [2, 18], whose critical properties have been extensively
studied for several classes of networks, such as d-dimensional lattices and random graphs. Similarly, tipping points are
observed in simple models of binary decisions with externalities [7, 9, 10], providing an explanation for the occurrence
of abrupt changes in the collective behavior of socio-economic systems. These analyses are usually performed either
by simulating the evolution of the dynamical rule and averaging over many (randomly drawn) initial conditions, or by
resorting to approximate descriptions of the dynamics in the form of differential equations based on mean-field and
pair-approximation techniques [19, 20].

While the average dynamical properties of these models starting from random initial conditions are rather well
understood on general networks, their large deviations, describing macroscopic behaviors that deviate considerably
from the average ones, is still a largely unexplored domain of research that goes beyond the means of current methods
of analysis. Large deviations are of interest for at least two different reasons: because they correspond to desired final
states (e.g. extraordinarily large propagations of a small set of initially active nodes) or because they correspond to
an observed final state of an unknown initial one. The application of large deviation analyses to the non-equilibrium
dynamics of interacting particle systems is subject of intense study in statistical physics [21]. Models of progressive
dynamics offer a sufficiently simple, though non trivial, setting to extend these studies to systems with complex
interaction patterns such as random graphs and complex networks.

In this paper we consider the problem of characterizing dynamical trajectories with interesting non-typical statistical
properties in deterministic progressive models. In this class of models, the choice of the initial conditions completely
determines the dynamical trajectory of the system. However, because of the non-linearity of the local update rule,
even slight differences in the initial conditions can result in completely different collective behaviors. By averaging
over all possible initial conditions or drawing them at random, the macroscopic quantities of interest are dominated
by their typical behavior that can be extremely different from the observed one when a particular choice of the initial
conditions is made. On the contrary, we will provide here a method to estimate the statistical properties of rare,
but relevant, dynamical trajectories and find the initial conditions that give rise to cascading processes with some
desired properties. Understanding under which conditions a rare large-scale propagation may occur and estimating
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Can we use these techniques to get more reliable intuitions of
financial crises using simple models?



Introduction
A Basic Model

Central Clearing

Model Definitions
Systemic Susceptibility
Spillover

The Merton model

We start with a staple of financial mathematics: the Merton
model. Fundamentally, it assumes a firm’s wealth undergoes a
(geometric) random walk, and that a firm defaults when it falls
below a certain threshold.
We represent a firm’s status by an indicator variable ni,t: ni,t = 0
for an active firm, 1 for a defaulted one

ni,t+1 = ni,t + (1− ni,t)Θ (ϑi,t) (1)

where ϑi,t is a firm’s wealth at time t
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Interactions

We now assume that a firm has partners (clients, subsidiaries, joint
venture partners...) and will take losses if these partners default:

ϑi,t = ϑi + ηi,t −
∑
j∈∂j

wijnj,t−1 (2)

where ηi,t is a random noise and wij are random (quenched)
couplings.
Our aim is then to compute the defaulted fraction at time t,

m(t) =

〈
1

N

∑
i

ni,t

〉
(3)
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Message-passing dynamics is perfect to solve this kind of things:

Dynamic message-passing equations for models with unidirectional dynamics

Andrey Y. Lokhov,1, ∗ Marc Mézard,1, 2 and Lenka Zdeborová3

1Université Paris-Sud/CNRS, LPTMS, UMR8626, Bât. 100, 91405 Orsay, France

2Ecole normale supérieure - PSL Research University, 45 rue d’Ulm, 75005 Paris, France

3Institut de Physique Théorique, IPhT, CEA Saclay and CNRS URA 2306, 91191 Gif-sur-Yvette, France

(Dated: January 15, 2015)

Understanding and quantifying the dynamics of disordered out-of-equilibrium models is an impor-
tant problem in many branches of science. Using the dynamic cavity method on time trajectories,
we construct a general procedure for deriving the dynamic message-passing equations for a large
class of models with unidirectional dynamics, which includes the zero-temperature random field
Ising model, the susceptible-infected-recovered model, and rumor spreading models. We show that
unidirectionality of the dynamics is the key ingredient that makes the problem solvable. These
equations are applicable to single instances of the corresponding problems with arbitrary initial
conditions, and are asymptotically exact for problems defined on locally tree-like graphs. When
applied to real-world networks, they generically provide a good analytic approximation of the real
dynamics.

PACS numbers: 02.50.-r,89.20.-a,64.60.aq

I. INTRODUCTION

Over the past decade, there has been a growing in-
terest in building analytical tools for the study of out-
of-equilibrium dynamics in disordered problems defined
on heterogeneous networks. A particular attention has
been devoted to the study of cascading and avalanche
processes, in the cases where the dynamics is not a re-
laxation dynamics related to a Hamiltonian, but instead
is characterized by a set of stochastic transition rules.
Examples of such processes include epidemic spreading
[1–4], propagation of information and innovations in so-
cial media [5–9], dynamics of magnetic and glassy sys-
tems [10, 11], communication protocols, such as gossip
algorithms and peer-to-peer file sharing on computer net-
works [12, 13], activation cascades in biological and neu-
ral networks [14, 15], and news updates in financial mar-
kets [16, 17]. A common property shared by these pro-
cesses is the unidirectional nature of the corresponding
dynamics: once an elementary constituent of the system
under the influence of its neighbors undergoes a transi-
tion to a certain state, it can never return to the previous
one.

Although the properties of diluted disordered systems
have been intensively investigated over the past several
years, there is still no well-established tractable method
for solving the corresponding dynamics in the general
case. One category of problems that has recently at-
tracted a lot of attention is the case of out-of-equilibrium
dynamic processes on sparse graphs [18–21]. Methods
which are developed in this context can also be used as so-

∗Electronic address: andrey.lokhov@lptms.u-psud.fr

phisticated mean-field-type approximations for problems
defined on general graphs. The generating functional
analysis techniques [22], the dynamical replica analysis
[23, 24] and the cavity method [25, 26] have been recently
used for the construction of a general approach in terms
of time-trajectories of variables. However, the general dy-
namics remains intractable in this formalism except for
only a few time steps: the solution of the corresponding
equations takes in general a number of operations that
grows exponentially with the duration of the process one
wants to study. In a few special cases, some progress
has been recently made by a number of authors who
were able to write, using cavity-like arguments, tractable
asymptotically-exact mean-field dynamic equations for
several models defined on locally tree-like graphs, such as
the zero-temperature random field Ising model (RFIM)
[11], the susceptible-infected-recovered (SIR) model [27–
31], and the threshold models [32, 33]. All these models
share a common property: they describe a unidirectional
dynamics involving one transition to the active state;
the derivation of the corresponding equations is typically
based on identifying correct dynamic variables that are
required to obtain the closed-form expressions. These
examples lead to the hypothesis that the microscopic ir-
reversibility of the dynamics is a key property that makes
it possible to derive such equations [30, 34]. However, in
general it is very difficult to guess the right dynamic vari-
ables that should be used in the dynamic equations for
more complicated models, involving a larger number of
states and several non-trivial transitions. Probably, the
simplest model of this kind is the so-called rumor spread-
ing model [35–37], which is a three-state dynamic model
with two neighbors-dependent transitions.

In this paper, we develop a systematic procedure for
deriving the dynamic message-passing (DMP) equations
for general models with unidirectional dynamics and ar-
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Under any configuration model network and choice of wij
ensemble (possibly asymmetric), the model is solved via
message-passing, which once the average over the graph ensembles
are taken reduces to a propagation equation for an order parameter
ρ(t), which is the probability of defaulting at t knowing that one
neighbour hasn’t defaulted by then.
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It works relatively well:
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Studying systemic risk, we must answer the question: how
susceptible is the system to large-scale collapse?
Ideally, we would answer this by giving a probability distribution for
the defaulted fraction, i.e. giving a large deviation function.
Unfortunately, we are unable to compute this for our current
model. So we need another way to give a susceptibility metric.
The way we do this (as was done earlier in Hatchett & Kühn, 2006)
is by correlating the noise (or, equivalently, bias the initial wealth):

ηi,t = ξ0 + ξi,t (4)

where ξ0 is a quenched Gaussian random variable. The induced
distribution of m (especially the tails) is then a measure of
systemic risk. ξ0 thus plays the role of an exogenous shock, and we
measure the response of the system to this shock.
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Spillover effects

One question which we investigated using this method is the role
of liquidity issues in financial contagion.
Because different firms have overlapping portfolios, distress in one
firm can cause large price fluctuations due to fire sales (rapid sales
of large amount of assets), affecting the balance sheet of other
firms and creating additional contagion effects. Previous studies
have found the interplay between credit risk and liquidity issues to
be a main driver of systemic risk.
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Overlapping portfolios, contagion, and financial stability
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a b s t r a c t

We study the problem of interacting channels of contagion in financial networks. The first
channel of contagion is counterparty failure risk; this is captured empirically using data
for the Austrian interbank network. The second channel of contagion is overlapping
portfolio exposures; this is studied using a stylized model. We perform stress tests
according to different protocols. For the parameters we study neither channel of
contagion results in large effects on its own. In contrast, when both channels are active
at once, bankruptcies are much more common and have large systemic effects.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The economic and financial crises of the early 21st century give strong indications that the high level of interconnectivity
characterizing much of the contemporary economic system can amplify and propagate the stress originated in a specific
economic sector or a specific financial institution to other sectors and other institutions (see for instance Babus and Allen, 2009).

Connections between financial institutions are of various kinds, ranging from common assets held on balance sheets of
different institutions to direct linkages between institutions corresponding to specific transactions. While such connectivity
can serve as a means of risk management or increased efficiency for these institutions, it can also provide channels for
contagion, thereby creating potential sources of systemic risk.

Different types of connections between financial institutions are associated with different mechanisms of contagion. For
instance, contagion can occur because of counterparty risk or liquidity hoarding in the case of interbank lending, or because
of fire-sales in the case of overlapping portfolios. Most of the literature so far has been devoted to assessing the stability of

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/jedc

Journal of Economic Dynamics & Control
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Modelling strategy

A firm, short on cash, sells a large amount of assets in a short
time.

the asset’s price drops, decreasing the wealth position for
everyone holding this asset: ϑi → ϑ′i < ϑi.

We tried to model this using only one asset class, and assuming a
firm sells when ϑi,t < fc × ϑi. We took the wealth’s dependence
on the fraction of sellers to be of the form

ϑ′i,t = r(dt)ϑi (5)

with r(dt) = (1 + r0 dt)
−1, and dt the fraction of sellers at time t.
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Fire-sales : comparison

The conclusion (in accordance with other works) was that in this
simplistic setting, fire-sales dramatically enhanced contagion
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It seems to be possible to get realistic behaviours out of simple
systems
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CDS, CCPs, and assorted acronyms

Due to the Great Recession, there’s been a push toward more
effective form of regulation regarding financial products.
As part of that push, Central CounterParties have been presented
as a way to mitigate counterparty risk, and mandatory central
clearing for certain types of derivatives has been enforced in the
US (Dodd-Frank Wall Street Reform & Consumer Protection Act)
and the EU (European Market Infrastructure Regulation).
But analysis suggests that while CCP’s can be effective in
mitigating risk, they come with their own problems (C. Pirrong,
The Economics of Central Clearing: Theory and Practice).
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Central clearing

A market with central clearing is a market where every bilateral
(buyer-seller) contract is replaced by two different contracts with
an entity called the central counterparty (CCP). Schematically,
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The advantage lies in the possibility of netting:

in a non-cleared market, if a firm defaults, its creditors will
take losses while its debtors gain. But risk is asymmetric:
losses are more harmful.

in a cleared market, if a firm defaults, its creditor and debtor
positions are with the same entity, and can offset each other.

schematic representation of netting of bilateral exposures in a CCP
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A Clearing House is funded by a group of institutions called clearing
house members. All trades done at a clearing house go through its
members, which undertakes trades on behalf of its clients.
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We consider the previous credit risk model, and now assume that
all firms are engaged in financial trading. We represent this by
adding to the firm’ balance sheet a random walk ai(t) representing
the value of their derivatives trading.
We also assume that each firm trades some derivatives in a
Clearing House (CH) via a clearing house member (which we will
call a dealer), and write bi(t) the value of these trades (again
assumed to follow a random walk). Due to the netting, the
volatility of b is smaller than that of a.
The added security of the CCP is offset by a severe loss suffered by
a dealer’s clients if the dealer defaults.
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CDS

Additionally, we add Credit Default Swaps into the mix.
Credit default swaps are insurance against credit events: they
provide protection if a firm defaults. Thus, we represent them by a
three-party interaction involving an insurance buyer, and insurance
seller, and a reference entity:

if the insurance buyer defaults before the reference entity,
nothing happens

if the insurance seller defaults before the reference entity, the
insurance buyer takes a loss in case of default of the reference
entity

otherwise, the insurance seller takes a loss if the reference
entity defaults.
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CDS contracts are regularly traded, and can thus be affected by
CCP regulations. We thus consider the case of both OTC and
cleared CDS contracts here. In the case of a cleared contract, the
clearing house playing the the part of an insurance seller is
assumed to never default.
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Balance sheet

For a client i of dealer µ, the wealth is then

ϑi,t =ϑi + ηi,t + ai(t) + bi(t)−
∑
j∈∂i

wijnj,t−1

− wµnµ,t−1 −
∑

(j,k)∈∂CDSi

(
vijkn

(1)
j,k,t−1 + vjikn

(2)
j,k,t−1

)
(6)

and the situation for the dealer is similar with the addition of a
(minor) loss term from their guarantee of their clients’ trades (i.e.
they have to step in if a client defaults).
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Difficulties

Difficulties:

There are relatively few dealers, hence they cannot be treated
with statistical methods and must be simulated explicitly.

⇒ large simulations are needed

Dealers are assumed to be large, well-capitalized institutions

⇒ Even larger simulations are needed to capture enough defaults
of dealers

CCP regulations can be complex, as can the related effects
(e.g. moral hazard)

⇒ uncertainty about the relevance of the modelling
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The defaulted fraction for ξ0 = 0 is similar to the previous case
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and we can get an idea of the effectiveness of clearing for systemic
risk by looking at the mT (ξ0) curve, relative to the case with no
clearing
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Are there parameter sets for which we have crossing of the curves,
and are these parameters relevant?
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Probably, and we don’t know. So we’ll look.


